The method of correlated basis functions is studied and applied to the Fermi systems: liquid 3 He, nuclear matter and neutron matter. The reduced cluster integrals xijkl... and so the subnormalization integrals Iijkl... are generalized to coinciding quantum numbers out of the set {i, j, k, I,...}.
Introduction
A general method of describing many-body systems (for example, nuclei, nuclear matter, neutron matter and liquid He) of particles interacting through potentials with short-ranged, strong repulsion is based on the use of correlated wave functions of the type: V = F$.
Here 0 is a model wave function (especially for the ground-state) of the system in the absence of the repulsive part of the interaction and embodies the statistics and symmetry properties of the system. In the case of a uniform, infinitely extended system of fermions in the normal phase, <Z> is the Slater determinant constructed from one-particle plane-wave functions. The symmetrical correlation operator F(1,2,..., A) must fulfill some boundary conditions and describes the strong short-range correlations between the particles due to the repulsive part of the potential.
We assume that the interaction between the particles in the considered many-body system is characterized by simple two-body forces. Therefore, the Hamiltonian, describes a system of A identical particles with mass m (in our case, A fermions) in the volume Q. The potential v (i j) which is mostly obtained in a phenomenological way contains the above mentioned short-range repulsions (which sometimes include a "hard core").
Our investigation of the equilibrium properties of Fermi-systems starts with the Ansatz (1) with ---
F(l,2,3,...,w) = ]1 /M (3)
which is known as the Bijl-Dingle-Jastrow Ansatz 1 and extended by Feenberg and coworkers 2 , and with the "independent-particle" Then we estimate the energy expectation value
E={W\H\W)/(W\W)
by referring to the factor-cluster formalism of Clark and Westhaus 3 which makes it possible to evaluate E without respect to the perturbation theory in a "linked hole-line expansion". These cluster-expansion techniques -originally developed for the calculation of the partition function of a classical imperfect gas and adapted to the quantum-mechanical many-body problem by Iwamoto and Yamada 4 -have recently been generalized by Clark et al. 5 (in due course, the Iwamoto-Yamada expansion has been renormalized).
Specializing the general state-dependent set of correlation operators {F(l,2), F(l, 2,3), F(l, 2, 3 ..., n); n = 4,5, ... , A} we are able to deduce, in the framework of the factor-cluster formalism, well-known many-body methods such as Brueckner's reaction-matrix approximation 6 for a uniform, extended system or the unitary transformation method 7 . Therefore, it is of special interest to compare the results of the renormalized and unrenormalized Iwamoto-Yamada expansions for dense Fermi systems with those obtained by other alternative approaches; especially with the Brueckner method. It is known 8 that the lowest order Brueckner approximation is not suitable to describe such systems as 3 He and neutron matter at high densities. Therefore the inclusion of higher-order cluster contributions (at least the Bethe-Faddeev-term) is necessary. In his 3 He calculations 0stgaard 9 includes three-body effects in a somewhat approximate way.
On the other hand, the correlated basis function method developed by Feenberg 2 and the IwamotoYamada method have been suitably adapted for calculating the expectation values of physical operators in dense systems. In addition, the numerical treatment of the higher-order cluster contributions are much simpler. For liquid Helium the Feenberg expansion is most appropriate.
Comparing the renormalized and unrenormalized Iwamoto-Yamada expansions, we want to settle the question of higher renormalization effects in the cluster expansion of the energy expectation value. In Section 2 we briefly refer to the basic formalism of the method of correlated basis functions (unrenormalized and renormalized versions) and study the simplest approximants of the expansions of the energy expectation value and define the so-called "ordering"-and "smallness"-parameters 3 ' 11 which characterize the Iwamoto-Yamada expansion. With the Bijl-Dingle-Jastrow 1112 Ansatz of the correlation operator F( 1, 2, ..., A) we explicitely present the effective two-and three-body potentials as well as the two-and three-particle correlation matrix elements.
In Section 3 we study the normal phase of liquid 3 He. We connect the finding of a suitable shortrange two-body correlation operator with the solution of the Euler-Lagrange equation for the unrenormalized energy functional in the two body approximation. We compare our numerical results for 3 He with those of other authors as well as with the experimental data.
The final section, Section 4, is devoted to the application of the formalism developed in Section 2 to symmetrical nuclear matter and neutron matter, where the OMY-potential 13 is used. It has turned out that in our approach the unrenormalized groundstate energy expansion gives a better numerical convergence than the renormalized one. This might be due to the cancellation phenomenon of the Iwamoto-Yamada expansion in the Jastrow case 14 ' 15 . Whether the practical advantage (the better convergence) of unrenormalized expansion over renormalized one persists in higher orders or not is still open to question.
Basic Formalism

Correlated, Basis Functions
The method of correlated frasis /unctions 2 ' 3 (CBF) is a powerful tool for constructing theories of quantum mechanical systems with strong short-range interaction. Dealing with Fermi systems in this paper, we start with the "extended Jastrow" Ansatz 16 ' 17 (1) for the trial ground-state wave function. The correlation operator F is defined for an arbitrary number n of particles (1 ^ n <1 A) and is required to possess the cluster property 18 . Here, the "cluster property" means a sufficiently rapid factorization
as the particle group {l,..., /} is moved from the particle group {m, ... ,n}, far enough compared with the range of the interaction of the particles. It would be necessary to symmetrize the right-hand side of Equation (5). We, however, suppressed those terms which do not contribute to the expectation value in the thermodynamic limes (particle number A-*-oo, volume Q -> oo, density Q = A/Q = const). Special examples fulfilling the abovementioned requirements are the Jastrow Ansatz 3 > 12 and the unitary-model-operator Ansatz 7 -19 . The expectation value (4) can be evaluated with the help of the "/actorized" version of the /wamoto-Yamada (FIY) expansion and leads to
where the terms are arranged according to the number n of involved particles, and (AE) n is called the n-body cluster or "n-hole-line" contribution. E0 is the ground-state energy of the non-interacting system. The approximation of E by the first n terms of (6) is denoted E. A complete classification and decomposition of each (AE)n into proper nbody parts and (reducible and irreducible) combination terms is given in a detailed analysis of the FIY expansion in Reference 5. This analysis starts with the generalized normalization integral
from which we easily recover the energy expectation value through
Successive definition of subnormalization integrals
and a factor-cluster decomposition of these integrals
between the n-body cluster contribution (AE)n and the factor-cluster integral
representation of (AE)n in the leading order 0(A 1 )
(thermodynamic limes) is 5 :
result in a general expression for the energy expectation value
i<j op i<j<k dp
Comparison of Eqs. (6) and (11) leads to the simple relation (12) :
* ijkl (13) We note that (AEand (AE) ^^ belong to the dispersion contributions considered in a standard (unrenormalized) Brueckner approximation. The new quantities of Eq. (13) are defined as follows: The definition of the generalized n-body correlation deduced from these matrix elements are given in matrix elements ??,,...{". and the generalized efReference 20. fective or induced many-body potentials !<>,•,...{". j,...;'» In studying the expansion (11) which is valid for any particle number A we are now interested in terms of order 0 (A 0 ). The knowledge of these terms is necessary to see the asymptotic behavior of the radial distribution function g(r) (see below). We define a function
i<j i<j<k
and from G the quantities:
Now we are ready to write G as:
where G n (ß) is of order 0(A n ). It can be shown 20 that G°(ß) vanishes. This result has several important consequences for the behavior of the radial distribution function 20 :
The property b) is discussed in Section 3.
Renormalized FIY-Expansion and Energy Functional in the Three-Body Approximation
In this Section we briefly review the main steps of the renormalization of the FIY-expansion 5 ' 20_22 . The aim is to find a suitable partial resummation of the expansion (6). Thereby we pay attention to the close connection of the FIY scheme with the theories of classical statistical mechanics, especially with the cluster expansion of thermodynamic quantities 23 in powers of the fugacity of an imperfect fluid. i i<j Introducing a generalized "true" distribution function
and assuming the following relations of a certain number of subnormalization integrals (limes A~+ oo):
we can write series (19) in the thermodynamic limes (providing a rapid convergence) into:
or (by omitting contributions of order 0(A~1)) into: (24) which can be regarded as the FIY expansion of the occupation number-operator aQ + aq if the correlation operators / r (l,...,n) are required to fulfill the exact Pauli condition 26 . Now we obtain the renormalized representation of the energy expectation value with the aid of z^ as:
To construct the analogy to the classical statistical mechanics 23 ' 27 of imperfect fluids we define a functional 28 5{zq, ß, Q) :
which depends on the independent function zq, the volume Q and on the parameter ß. The sub-normalization integrals in (26) are also defined for coincident quantum numbers 20 . The analog to the particle-number equation of the classical theory is then given by:
<5 Zn with
GX(zq,ß):=\n S(zq,ß,Ü) .
(27)
(28)
Expanding the logarithms we get the explicit form of the functional Q %(zq, ß) :
+ ^T 2 z i Zj zk xiik +...
O I ijk
The solution of the (nonlinear) integral Eq. (27) gives the weight factor zq° in Equation (22) . Furthermore it is easy to see that E in Eq. (25) is generated by differentiation of QX(zq,ß) with respect to ß:
Here we introduce the notation necessary for presenting some numerical results. We denote the n-particle approximation of Q %(zq , ß) with ÜZ [n] The FIY-and IY-expansions are characterized by the following three parameters 3 ' 10 ' 11 :
(37)
The smallness of which is known as the "smallness parameter" in the (F)IY approach, is often considered to be a guarantee for good convergence of Eq. (6); if £ is much less than unity (as in the case of low density nuclear (neutron) matter) the convergence is assumed to be "reasonable". The parameter x is the analog to the "smallness parameter" in the Brueckner-Bethe-Goldstone 29 ' 30 expansion. The parameter £ is equal to x when the correlation factor F(12) satisfies the "average Pauli condition", i. e. £ = 0.
The Normal Phase of Liquid 3 He
Pair-Correlation-Function
Several authors 9> 31-36 have made much effort to calculate the ground-state energy of liquid 3 He. In order to compare our results with those of other authors 32-34 > 36 we assume in our calculations the Lennard-Jones-(6 -12) potential
with the de Boer-Michels parameters 37 « = 10.22 °K, o = 2.556 Ä.
Then we obtain the pair-correlation function f(r) [cf. Eq. (3)] for small distances (i.e. r-0) be-tween the 3 He atoms from the Euler-Lagrange equation for the unrenormalized energy-functional in the two-body approximation:
siWH-5 """"» ( 41)
The function g [2J (r) is the familiar two-body cluster approximant of the radial distribution function of a Fermi liquid:
Solving Eq. (41) in the above-mentioned limit we get
where jut has the value 0.8151 for the parameter set (40) and where the function /0(r) has to fulfill the following conditions:
/o(r)*0 for all r,
lim/0(r)=l.
r->-oo
The validity of solution (44) has been proved by Krotscheck 32 for the exact Euler-Lagrange equation at r « 0. Since the conditions (45) do not uniquely define /o(r) we have some freedom in its choice. As a first approach we chose /0(r) = 1. 3 He. In the relatively accurate Monte Carlo calculation or in moleculardynamics methods the correlation function (46) has been successfully used but it is not suitable for our (F)IY-cluster expansions; in the relevant density region (kF = 0.73114 Ä -1 -0.81077 Ä -1 ) the absolute magnitude of £ turned out to be between 1.5 and 4.0, which suggests a rather poor convergence of our energy expansions. In the whole considered density region the three-body energy approximation calculated with fs\(r) leads to no binding because is too large (between 7.0 and 30.0). In addition, the "average Pauli condition" (PC) cannot be fulfilled with the correlation function (46).
A very important and difficult problem is embedded in the treatment of long-range correlations in the (F)IY cluster scheme. Since a truncated (renormalized) (F)IY expansion of the energy expectation value including long-range correlations (/->l/r w ; r->oo, n = 1, 2, 3) does not converge, we make for /(r) the specified and parametrized Ansatz:
where m and n are integers greater than or equal to 4. This Ansatz enables us to describe accurately the behavior of the short-range (m = 5) correlations, and by choosing n = 4 we can adjust a long-range behavior of /(r) which is compatible with our cluster expansion. In the following we take m = 5, n = 4 and ju1 = ju2=:ju(C2), and at each kF we determine X by the "average Pauli condition". The parameter /x is found by minimizing £R ' 3] (fx) at an arbitrarily chosen density £>0 [Qo = kF 1(3 ^2)]» and we denote the energy minimum by ju0). indicate the importance of higher order cluster contributions in the renormalized energy expansion.
The results given in Tables 1 and 2 refer to the above mentioned two asymptotic values of <7r' 3] -These Tables show only those quantities which are almost independent of the density. As can be seen the smallness-parameter x and £ become relatively large as compared with the results x = £ = 0.474 which correspond to the density = 0.73114 Ä" 1 and (J& , ju0, oo) = 0.942 and £r' 3] o) = -1.936 °K], whereas the averaged three-body effects £3 remain small. Further results will be given in the next Section.
Comparison and Discussion
The ground state properties of liquid 3 He have been the subject of many theoretical studies. We compare our results with those of Schiff and Verlet 33 (SV), Massey and Woo 34 (MW), Pandharipande 39 (P) and of Krotscheck 32 (K). All these authors used the L-J-(6-12) potential in their variational calculations.
In Table 3 we compare some characteristic equilibrium properties of liquid 3 He obtained by different authors: the saturation density £>eq. ? saturation energy (per particle) £eq. > unit radius r0, the maxima of the structure function and the radial distribution function *. The unit radius is defined by We=l-
At equilibrium density, r0 is a few percent less than the He-He atomic potential core radius o. The quantities rm and km are the arguments of the maxima of the radial distribution function and static structure function, respectively. We found good agreement with experiment as far as the position of the maximum of S(k) (km ^ 2.0 Ä -1 ) is concerned. The maximum value of the structure function itself, however, differs from the experimental value in all cases.
The situation for the distribution function g(r) is very similar: the revalues lie between 3.6 -3.8 Ä which is very close to the experimental value 3.6 Ä. But the maximum g{rm) of g(r) becomes too low. For £>eq> and £eq. a number of different results have been published. Pandharipande and Krotscheck used simple variational methods constrained by "reasonable" auxiliary conditions. K combines the FIY-expansion of the energy expectation value with a variational procedure which takes into account the short-range behavior of the state-independent pair-correlation function. P's treatement in the 1.247 * Further discussions on the liquid structure function S(k) and radial distribution function will be given in our forthcoming paper.
lowest cluster-order (two-body approximation) with state-dependent correlation overestimates the saturation energy of 3 He. The imposed constraints are rather arbitrary and severe and lead to a correlation function without overshoot. In a more recent work 36 P has improved his results by including a class of higher-order cluster contributions of the direct matrix elements (and, in addition, certain higherorder exchange contributions; HNC/4). For further comparison it would be interesting to know P's results for the liquid structure function, especially in the range of low momenta. The comparison of the SV and MW calculations are made in Reference 34. The major discrepancy of their equilibrium energies Eeq> comes essentially from the difference of 0.86 °K of the energies they obtained for the hypothetical boson 3 He system. Inclusion of a perturbation correction in the second order might bring better results.
Our detailed results are given in Tables 4 and 5 . The saturation energies are in the neighbourhood of the experimental value. We note the following features:
(1) The two-body contribution to the energy, (AE) 2, is always negative and decreases with increasing kp. Within the considered density region the energy approximants and £K ' 2] do not lead to saturation. 2) The two-body combination term [AE)^ is positive throughout all densities and increases with kF. On the other hand the proper three-body part (AE)3^ is negative and has a minimum. The point to be stressed here is that there is a cancellation between (AE)3® and (AE)^Z\ This phenomenon is a general feature 15 of the cluster expansion method with the Jastrow wave function describing the uniform extended Fermi liquid. Above all, however, the three-body part, (AE)Z, of the energy approximation gives rise to finding saturation energies (see Figure 1 ).
Nuclear Matter and Neutron Matter
Potential and Procedure
A uniform extended system of nucleons with the same number of neutrons and protons is referred to as symmetrical nuclear matter and is characterized by the two, empirically known data:
(a) the equilibrium energy and (b) the equilibrium density.
As reference data we adopt the values suggested by Bethe 40 : the energy per particle of -16MeV and the equilibrium density of kF q ' = 1.36fm -1 (r0 = 1.12 fm).
The properties of pure neutron matter are of great interest, especially because of the existence of neutron stars. One wants to know the transport properties and one also wishes to answer the question whether the interior of a neutron star is solid 41 or liquid.
For our nuclear matter (or neutron matter) calculations we use the OMY 13 (IY) potential. It is a central nucleon-nucleon potential with a stateindependent hard core of radius rc = 0.6 fm and is adjusted (in the presence of the core) to fit the lowenergy singlet and triplet scattering parameters and effective ranges. For the even-parity states the OMY potential has an attractive shape (outside of the hard cure) : 
There are two main reasons for choosing the OMY potential in our calculations:
(a) There have already been extensive nuclear matter studies 14 > 42 with the use of this potential.
(b) For the OMY (and also for the IY) potential, the parameters £ and x are uncomfortably large (about twice that for the realistic Reid soft-core potential). Therefore we can expect a significant effect of the renormalization procedure.
As pair-correlation function /(r) of Eq. (3) we adopt the three-parameter form:
r[l + *exp{-//2(r-rc)}].
To see the influence of the average Pauli condition on the equilibrium energy of the nuclear matter system we choose two different procedures to determine the three parameters , ju2 and X. In the second procedure we disregard the average Pauli condition.
First procedure
a) The class of correlation functions is restricted by choosing jut = ju2= : ju.
b) The parameter X is determined so as to fulfill the average Pauli condition. c) Then, we find /u by minimizing (kp, ju) with respect to fi in the density region A;p=1.2 -1.4 fm -1 (at higher densities we can not find an energy minimum). For these densities, the obtained values of are in the vicinity of 0.981. Therefore, we finally re-determine /x at all densities (kp = 1.2-1.8 fm -1 ) by requiring (kF, ju, oo) = 0.981.
The conditions a) -c) uniquely define the three parameters in /(r).
Second procedure a) Again we restrict the class of correlation functions by choosing
ß) The parameter ju is fixed by requiring g l l s] (kF, oo) =1.000. y) The parameter 1 is obtained by finding the minimum of (kp, I) for each kp.
We note that in the second procedure the conditions a) -7) can be almost completey fulfilled for all density values kp -1.2 -1.8 fm -1 with a fixed parameter set, for example ju = 2.10 and I = 1.45. This is a case of special interest: The correlation functions now do not depend on the density and therefore the single-particle energies (see Ref. 20) do fulfill the theorem of Hugenholtz-Van Hove 43 . On the other hand we violate the average Pauli condition with the second procedure. But as we can see from Table 9 this violation is insignificant.
For neutron matter we proceed as follows:
(1) We dioose iut = ju2= : ju.
(2) The parameter 1 is determined by the average Pauli condition.
(3)
We use the parameter /j, to get gn' 3 \kp, oo) = 1.000.
Results and Discussion
(a) Nuclear Matter
The results for the binding energy per particle are displayed in Figs. 3 and 4 and in Tables 6  and 7 . In Tables 8 and 9 we show the results of the quantities most important for the (F) IY-expansions. We note that the binding energies of the unrenormalized energy approximations reproduce the empirical value (-16 MeV) fairly well. For the renormalized expansion this agreement is valid only for the second procedure. But in both procedures the equilibrium densities are too high (kp h = 1.58 -1.60 fm -1 ). One can imagine that one of the reasons for this deviation is the missing tensor component of the potential. A certain simulation of the tensor force by a relatively large hard core radius, densitydependent effective potentials and a strong tripleteven attraction is not sufficient.
From Fig. 3 we see the reason for the divergence in the high-density region of the unrenormalized energy curves corresponding to the two different procedures. In the second procedure the three-body effects are essentially less attractive and become strongly repulsive above kF ^ 1.58 fm -1 , because of the influence of the correlation function with shorter range. The absolute magnitude of (AE and (AE)^ are very large (in special cases even larger than |(zf£)2|). Because they have opposite signs they cancel to give a small contribution (AE) 3 (in maximum, 10% of the two-body contribution). Therefore (AE) 2 mainly contributes to the binding energy.
In the renormalized expansion of E the situation is drastically changed. The ratio |(2 [ 3 (J£)3( 3 ) I turns out to be between 1/5 and 1 for both procedures, i. e., the renormalized threehole-line contributions to the energy can be as large as the two-body terms in the most unfavourable case (this happens for high densities). The saturation property in such situations is obtained by the repulsion of the kinetic energy. Because of the bad numerical convergence of the renormalized approximation of the energy expectation value, we at least must take into account higher-order cluster contributions. (b) Neutron Matter
The energy per particle of neutron matter (1.00 ^ kp 2.60 fm -1 ) is presented in Figure 5 . Table  10 shows the results for the "smallness-parameter" x, the "ordering-parameter" f, the averaged weight functions the asymptotic values of the radial distribution function and the contributions from the different terms of the energy expansions.
We note that in the lower density region (kp ^ three-body effects are negligibly small compared with (AE)2. For higher densities they increase to be comparable to (AE)2 . This tendency corresponds to the behavior of £ and £3 . At A' F = 1.50fm -1 £ readies the value 0.1 but then grows up to a size of the 3 He "ordering-parameter" at kp = 2.40 fm -1 . i3 is negligibly small in the lower density region. Above A;F«*1.5fm _1 both approximations and of the energy expectation value result in much higher energy values than one should expect for the "true" ground-state energy 14 . We recall the fact that the IY potential is of "Serber"-type. Therefore the IY potential is applicable to low energies where the even-states dominate. But, for higher energies at which the odd-states become important the IY potential is inadequate. 
Conclusions
In the last two sections we have investigated the renormalized and unrenormalized Iwamoto-Yamada expansions of the energy expectation value for 3 He, nuclear matter and neutron matter. Comparing the results of these systems, we stress the following points:
(1) The values of the parameters x and f are small (cf . Table 10 ) for neutron matter in the "lower" density region: fm -1 . They become larger in nuclear matter and reach a considerable size (~ 0.63) in 8 He.
(2) The three-body (and higher) correlations £3 have to be taken into account in 3 He and for high densities also in neutron matter. value of gr(oo)] gives a considerable increase of the binding energy in the nuclear matter system whereas this condition leads to no binding in 3 He. Above all, we can say that for dense systems such as 3 He, nuclear matter and neutron matter at high densities the clustre effects of higher order (ft ^ 3; for the energy expectation value as well as for the particle-correlations) become very important. In addition, it must be emphasized that in 3 He the longrange correlations due to the longer range character of the potential play a more important role than in nuclear matter and neutron matter. One should use state-dependent particle-correlations, especially for systems with state-dependent potentials. In order to improve the asymptotic behavior of the approximated radial distribution function, we suppose that it is also necessary to generalize the BDJ-Ansatz in a "natural" way Despite the fact that our numerical result of the renormalized and unrenormalized energy expansions are encouraging, we are not able to draw any quantitative and definite conclusions. Further numerical as well as "formal" studies of the convergence problem might help to proceed a step further.
